Rectified motion of short polymer chain that walks along a ratchet
  potential that coupled with spatially varying temperature by Taye, Mesfin Asfaw
ar
X
iv
:1
50
7.
04
94
5v
1 
 [c
on
d-
ma
t.s
of
t] 
 17
 Ju
l 2
01
5
Rectified motion of short polymer chain that walks along a ratchet potential that
coupled with spatially varying temperature
Mesfin Asfaw Taye
Department of Physics and Astronomy,
California State University
Dominguez Hills, California, USA
(Dated: May 8, 2018)
We explore the transport features of a single flexible polymer chain that walks on a periodic
ratchet potential coupled with spatially varying temperature. At steady state the polymer exhibits
a fast unidirectional motion where the intensity of its current rectification depends strongly on its
elastic strength and size. Analytic and numerical analysis reveal that the steady state transport
of the polymer can be controlled by attenuating the strength of the elastic constant. Furthermore,
the stall force at which the chain current vanishes is independent of the chain length and coupling
strength. Far from the stall force the mobility of the chain is strongly dependent on its size and
flexibility. These findings show how the mobility of a polymer can be controlled by tuning system
parameters, and may have novel applications for polymer transport and sorting of multicomponent
systems based on their dominant parameters .
PACS numbers: Valid PACS appear here
I. INTRODUCTION
There has been much interest in the study of noise-
induced transport features of biological systems such as
polymers and membranes, with the aim to get a deeper
understanding of how their internal degree of freedoms af-
fect their dynamics [1–6]. Often these biological systems
contain a large number of different components which
are organized in a complex fashion. As a result, they ex-
hibit transport feature that has a nontrivial dependence
on their size, flexibility, and the background tempera-
ture. Previous studies on the dynamics of a flexible poly-
mer chain on a bistable potential showed that the escape
rate of the chain is sensitive to the size of the molecule
and the strength of interaction between monomers [7–
18]. Also, the transport features of polymers exposed
to a time varying potential reveals the subtle interac-
tion between noise and periodic forces leads to the phe-
nomenon of stochastic resonance (SR) [19–21]. In partic-
ular, recent work on the SR of a linearly coupled poly-
mer surmounting a potential barrier showed that at the
resonance temperature the chain undergoes fast unidirec-
tional motion. This study suggested a novel approach to
control the transport properties of important biological
molecules such as DNA [7–12].
A net unidirectional transport can also be achieved
when the polymer is arranged to move along a flashing
or rocking ratchet. Recent studies have also shown that
transport in these systems can be controlled by attenu-
ating the chain’s flexibility and size [22–24]. This work
is consistent with experimental results showing that a
Brownian ratchet can lead to fast transport of both par-
ticles [25–29] and polymers [30]. Several groups have also
studied the transport properties a monomer in a double-
well potential with a spatially varying temperature [31–
38]. However, to date there has been no systematic in-
vestigation on the transport features of polymer chain in
such a system. Thus in this paper, we consider a flexible
polymer moving in a ratchet potential with an external
load where the viscous medium is alternatively in contact
with the hot and cold heat reservoirs along the space co-
ordinate. The numerical and analytical analyses show
that the polymer exhibits a fast unidirectional current
where the strength of the current rectification relies not
only on the thermal background and load, but also on
the coupling strength and size.
In this work, we study the dependence of the velocity
of the chain on the coupling strength k. For finite k,
the mobility of chain exhibits a peak and as k further
gets increased, the velocity decreases. The velocity of
the chain also strictly relies on magnitude of the external
load. The velocity decreases as load increases. It stalls
at stall force. As the load further increases, the polymer
changes its direction and its reversed velocity increases
with load. Furthermore, our analysis uncovers that the
stall force at which the chain current vanishes, is inde-
pendent of the chain length N and coupling strength k.
Moreover, we show that the velocity exhibits an optimum
value at particular barrier height U0 and as the inten-
sity of background temperature increases, the polymer
exhibits a fast unidirectional motion. All of the numer-
ical simulation results are justified with exact analytical
results in the limit k → 0 and k →∞.
The paper is organized as follows: In section II, we
present the model. In section III, the role of coupling
strength on the mobility of the polymer is discussed. In
section IV, the dependence of the velocity of globular
chain on model parameters is discussed. Section V deals
with summary and conclusion.
2FIG. 1: (Color online) Schematic diagram for initially coiled
polymer chain in a piecewise linear bistable potential in the
absence of an external load. The potential wells and the bar-
rier top are located at x = ±L0 and x = 0, respectively.
Due to the thermal background kicks, the polymer ultimately
attains a steady state velocity as long as there is a distinct
temperature difference between the hot and cold reservoirs.
II. THE MODEL
We consider a flexible polymer chain of size N which
undergoes a Brownian motion in a one dimensional
piecewise linear bistable potential with an external load
U(x) = Us(x) + fx where the ratchet potential Us(x) is
described by
Us(x) =


U0
(
x
L0
+ 1
)
, if −L0 ≤ x ≤ 0;
U0
(
−x
L0
+ 1
)
, if 0 ≤ x ≤ L0.
(1)
Here, U0 and 2L0 denote the barrier height and the width
of the ratchet potential, respectively, and where f is the
load. The potential has a potential maxima U0 at x = 0
and potential minima at x = ±L0. In this work, the chain
contour length is taken to be much less than the char-
acteristic dimension of the ratchet potential 2L0. The
ratchet potential is also coupled with a spatially varying
temperature
T (x) =
{
Th, if −L0 ≤ x ≤ 0;
Tc, if 0 ≤ x ≤ L0 (2)
as shown in Fig. 1. Us(x) and T (x) are assumed to
have the same period such that Us(x+2L0) = Us(x) and
T (x+ 2L0) = T (x).
Considering only nearest-neighbor interaction between
the polymer segments (the bead spring model), the
Langevin equation that governs the dynamics of the N
beads (n = 1, 2, 3, ..., N) in a highly viscous medium un-
der the influence of external potential U(x) is given by
γ
dxn
dt
= −k(2xn − xn−1 − xn+1)− ∂U(xn)
∂xn
+ (3)
√
2kBγT (xn)ξn(t)
where the k is the spring (elastic) constant of the chain
while γ denotes the friction coefficient. ξn(t) is assumed
to be Gaussian white noise and kB denotes the Boltz-
mann constant. Hereafter, we assume kB to be unity.
To simplify model equations we introduce a dimen-
sionless load f¯ = fL0/Tc, rescaled temperature T¯ (x) =
T (x)/Tc, rescaled barrier height U¯0 = U0/Tc and rescaled
length x¯ = x/L0. We also introduced a dimensionless
coupling strength k¯ = kL20/Tc, τ = Th/Tc and time
t¯ = t/β where β = γL20/Tc denotes the relaxation time.
From now on, β and γ are taken to be unity and all the
quantities are rescaled (dimensionless) so that the bars
will be dropped.
III. FLEXIBLE POLYMER CHAIN
Previous studies have shown that a single monomer (a
Brownian particle) attains a directional motion when it
is exposed to a ratchet potential coupled with a spatially
variable temperature or an external load. For such a
system, the functional dependence for the steady state
current J or the velocity V on the system parameters is
well explored [31–33]. However, it is not known how these
results apply to a chain with several monomers. Here, we
will explore the dependence of the unidirectional chain
velocity as a function of key system parameters.
Next in order to understand how the velocity of the
chain responds to the change to its conformational flexi-
bility and variability that arise due to its internal degree
of freedoms, we simulate the Brownian dynamics given
by Eq. (3) and compute the steady state current. This
result is then averaged over 104 independent simulations.
To analyze further how the polymer or in general any
linearly coupled system responds to the nonhomogeneous
thermal noise while surmounting a double-well potential
with load, the dependence of the velocity as a function
of the different system parameters is explored. The nu-
merical and analytical analyses reveal that the polymer
exhibits a unidirectional current where the strength of
the current rectification relies not only on the thermal
background kicks and load but it has also a nontrivial
dependence on its coupling strength and size. It is found
that in the absence load f = 0, the chain maintains a
positive current as long as a distinct temperature differ-
ence between the hot and cold reservoirs is retained; i.e,
Th > Tc, V > 0. For isothermal case, a one dimensional
negative current can be achieved providing f 6= 0. In
general when Th > Tc and f 6= 0, the polymer exhibits
intriguing transport features. Figures 2 plots the velocity
V as a function of k for fixed external load f = 0.0 and
f = 4.0, respectively. The numerical results exhibits that
in the limit k → ∞, V goes to the velocity of a rigidly
coupled polymer (dashed blue line) that evaluated via
Eq. (8); when k → 0, V approaches to the velocity of
a single Brownian particle ( dashed blue line) that eval-
uated using Eq. (8). The same figure depicts that the
chain retains a higher velocity at k = 0 than a globu-
lar chain (k → ∞). Another crucial feature such model
system is that the chain internal degree of freedoms has
3the capacity to enhance the chain speed. As a result,
the current does manifest a noticeable optimal peak at a
certain optimal k.
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FIG. 2: (Color online) The velocity V as a function of k
for parameter choice f = 0.0 (red solid line) and f = 4.0 (
black solid line). In the figure, other parameters are fixed as
N = 2.0, U0 = 6.0 and τ = 2.0. The dashed blue lines are
from the exact analytic results (Eq. (8)) both in the limit of
k →∞ and k → 0
Next via numerical simulations, we explore the depen-
dence of the chain stall force f ′ on its internal degree
of freedoms. Surprisingly the numerical analysis reveals
that for the flexible polymers with finite k, the stall force
is still independent of N which is in agreement to the ex-
act analytical result for the globular chain (see Eq. (9)).
At this point we want to stress that the external load
dictates the direction of the particle flow. When f < f ′,
the net current is positive and while on the contrary for
f > f ′, the current flows from the cold to the hot reser-
voirs. It worth noting that a larger polymer moves slug-
gishly than a smaller chain as long as f 6= f ′. At stall
force f = f ′, the polymer will have zero velocity regard-
less its size. In Fig. 3a, we plot V as a function of f .
In the figure, the green solid lines stand the plot for V
in the limit of k → 0 (top) and k → ∞. The dotted
lines are analyzed from the simulations for given values
of k = 0, k = 8.0 and k = 25.0 (globular chain) from the
top to bottom, respectively. As depicted in Fig. 3a, for
polymer with finite k, current reversal occurs at f = 2.0
for parameter choice U0 = 6.0 and τ = 2.0 regardless of
the magnitude of k revealing that the coupling strength
is not a relevant control parameter to alter the direction
of polymers current. On the other hand Figure 3b de-
picts the plot of V as a function of U0 for a parameter
choice f = 0.3 and τ = 2.0. As shown in the figure, the
velocity for the polymer monotonously increases with U0
and attains a maximum value at a particular optimum
barrier height Uopt0 . Further increasing in U0 leads to a
smaller V . At Uopt0 , the chain retains a maximum speed.
The same figure shows that the velocity increases when k
decreases. Uopt0 also strictly relies on k; when k decreases,
Uopt0 increases. Furthermore, our analysis exhibits that
the transport property of the chain also strictly relies
on the temperature difference between the hot and cold
baths. When the magnitude of the rescaled temperature
τ steps up, the tendency for the polymer in the hot bath
to reach the top of the ratchet potential increases than
the chain in the cold reservoir. This leads to an increase
in the current or velocity.
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FIG. 3: (Color online)(a) The velocity V as a function of f
for the parameter values of U0 = 6.0, and τ = 2.0. The green
solid lines stand the plot for V in the limit of k → 0 (top) and
k → ∞. The dotted lines are analyzed from the simulations
for given values of k = 0, k = 8.0 and k = 25.0 (globular
chain) from the top to bottom, respectively. (b) The velocity
V as a function of U0 for parameter choice k = 0, k = 5.0
and k = 25.0 ( compact chain), from top to bottom. We
also fixed f = 0.3 and τ = 2.0; dotted line stands for the
simulation results while green solid lines are form analytic
prediction.
The dependence of the velocity on chains length is also
investigated for parameter choice f = 0 and f = 2.0 from
top to bottom. In the figure, other parameters are fixed
as k = 20, U0 = 4.0 and τ = 2.0. (see Fig. 4). The fig-
ure depicts that when the load is not strong enough, the
polymer attains a positive current while for large load,
the system exhibits a current reversal. In both cases,
the chain velocity monotonously decreases as the chain
length decreases.
IV. GLOBULAR POLYMER CHAIN
In order gain a deeper insight into this finding, it is
instructive to compute the velocity for globular polymer
as well as a single Browinian. In order to rewrite the
Langevin equation for compact polymer or rigid polymer
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FIG. 4: (Color online) The velocity V as a function of N for
parameter choice f = 0 and f = 2.0 from top to bottom. In
the figure, other parameters are fixed as k = 20, U0 = 4.0 and
τ = 2.0.
(k → ∞) in terms of the center of mass motion, let us
add the N Langevin equations (Eq. (3)) to get
d
dt
(
N∑
i=1
xi) = −
N∑
i=1
∂U(xi)
∂xi
+
N∑
i=1
√
2γT (xi)ξi(t). (4)
When a compact polymer of size N hops on the ratchet
potential, each monomer experiences the same force
along the reaction coordinate. Hence the effective
Langevin equation for the center of mass motion xcm =
(x1 + x2 + ...xN )/N can be written as
N
dxcm
dt
= −N ∂U(xcm)
∂xcm
+
√
2γT (x)(ξ1(t) + ...+ ξN (t)).(5)
From fluctuation-dissipation relation
〈(ξ1(t) + ...+ ξN (t))(ξ1(t) + ...+ ξN (t))〉 = N
〈
ξ(t)2
〉
(6)
which implies that we can substitute (ξ1(t) + ...+ ξN (t))
by
√
Nξ(t). After some algebra Eq. (5) converges to
dxcm
dt
= −∂U(xcm)
∂xcm
+
√
2γTcm(x)ξ(t)/
√
N. (7)
The corresponding steady state current J can be exactly
evaluated using the same approach as the work [33]. Af-
ter some algebra, we find a closed form expression for the
steady state current
J = − ς1
ς2ς3 + ς4ς1
(8)
where the expressions for ς1, ς2, ς3 and ς4 are given as
ς1 = e
a−b − 1, ς2 = Naτ (1− e−a) + Nb e−a
(
eb − 1), ς3 =
1
a
(ea − 1)+ 1
b
ea
(
1− e−b). The parameter ς4 is given by
ς4 = ǫ1 + ǫ2 + ǫ3 where ǫ1 =
N
τ
(
1
a
)2
(a+ e−a − 1), ǫ2 =
N
ab
(1− e−a) (eb − 1), ǫ3 = N ( 1b )2 (eb − 1− b). Here a =
N (U0 + f) /τ and b = N (U0 − f). The corresponding
velocity is given by V = 2J . In the limit f ≫ U0 and
large N we have a ≈ Nf/τ , b ≈ −Nf , ς1 ≈ exp[Nf/τ +
Nf ], ς2 ≈ 1/f , ς3 ≈ exp[(Nf/τ + Nf)]/Nf , ǫ1 ≈ 1/f ,
ǫ2 ≈ 0 and ǫ3 ≈ 1/f . Substituting these values, we get
J ≈ −f/2. Furthmore, the exact analytical result for the
globular chain uncovers that the stall force
f ′ =
U0(τ − 1)
(τ + 1)
(9)
at which the chain current vanishes, is independent of
the chain length N .
In the absence of external load f = 0, the steady state
current (Eq.(8)) converges to
J =
NU20
2(1 + τ)
[
1
e
NU0
τ − 1
− 1
eNU0 − 1
]
. (10)
For small U0, it is straight forward to show J ≈
U0
2
(
τ−1
τ+1
)
. On the other hand for large U0 and τ , one
approximates Eq. (10) as J ≈ NU202(1+τ)e
−NU0
τ .
Closer look at the Fig. 2 once again reveals that the
chain retains a higher velocity V (0) at k = 0 than the
velocity V (∞) of a globular chain (k → ∞). Particu-
larly, as the size of the chain increases, the gap between
V (0) and V (∞) increases. To analyze the chain size de-
pendence further, we have computed the ratio for the
velocity of a single particle to globular polymer utilizing
Eq. (8). As exhibited in Fig. 5, V is a nontrivial func-
tion of N ; the polymer with small k retains considerably
higher velocity than a rigid dimer. This signifies that
attenuating the strength of the elastic constant results
in a polymer that can be transported fast. This can be
notably appreciated by taking the velocity ratio between
a single and globular polymer in high barrier limit which
is given as
V (0)
V (∞) =
e
(−1+N)(fL0+U0)
τ
N
(11)
where in the limit f → 0, V (0)
V (∞) =
exp
(−1+N)(U0)
τ
N
. This
can be retrieved using our previous calcualtions since for
large U0, J ≈ NU
2
0
2(1+τ)e
−NU0
τ .
The central results of this paper also indicates the oc-
currence a direct relationship between the flexibility of a
macromolecule and its transport properties. Hence, we
expect that in general this relationship can be applied to
control the transport of molecules by modulating their
flexibility. Modifying the flexibility of a macromolecule
can be achieved in a variety of ways. Experimentally, the
flexibility of the chain can be manipulated in a variety
of ways. For instance, the flexibility of proteins can be
altered by ligand binding [40]. The elasticity of the DNA
molecule can be also strengthen by introducing external
charges [41]. Thermal and chemical denaturation also
alter the flexibility of biological molecules since hydro-
gen bond breaking leads to an increase in the rotational
degrees of freedom of atoms and thereby increases the
macroscopic flexibility of the molecule [42, 43].
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FIG. 5: The ratio V (k → 0)/V (k → ∞) as a function of N
for parameter choice f = 0.0 (black solid line), f = 0.5 (red
solid line), f = 1.0 (blue solid line). Other parameters are
fixed as U0 = 2.0 and τ = 8.0.
V. SUMMARY AND CONCLUSION
We study the transport and response properties of a
single flexible polymer moving in a ratchet potential with
an external load where the viscous medium is alternately
in contact with inhomogeneous temperature along the
reaction coordinate. As long as the system is far from
equilibrium, we show that each monomer of the chain
exhibits a fast unidirectional current where the strength
of the current rectification relies not only on the thermal
background kicks and load but it has also a nontrivial
dependence on its coupling strength and size.
The numerical and exact analyses indicate that the
stall force is independent of the chain length N and cou-
pling strength k. It is also shown that a flexible chain re-
tains a higher velocity than a less flexible polymer reveal-
ing that a chain with a desired speed can be fabricated
by attenuating the strength of the elastic constant. The
chains flexibility can be modified through ligand binding
[40], by introducing external charges [41] and via chemi-
cal denaturation [42, 43].
In conclusion, in this work, we present a pragmatic
model system which not only serves as a basic guide on
how to transport the polymer fast to specific region but
also has novel applications for binding kinetics, DNA am-
plifications and sorting of multicomponent systems based
on their dominant parameters
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